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Models of Space-Averaged Energetics of Plates

O. M. Bouthier* and R. J. Bernhardy
Purdue University, West Lafayette, Indiana 47907

The analysis of high-frequency vibrations of plates is of particular interest for many cases of structure-borne
noise in aircraft. The current methods of analysis are either too expensive (finite element method) or may have
a confidence band wider than desirable (statistical energy analysis). An alternative technique to model the space-
and time-averaged response of structural acoustics problems with enough detail to include all significant mech-
anisms of energy generation, transmission, and absorption is highly desirable. The focus of this paper is the
development of a set of equations that govern the space- and time-averaged energy density in plates. To solve
this equation, a boundary value problem must be considered in terms of energy density variables using energy
and intensity boundary conditions. A verification study of the energy governing equation is performed. A finite
element formulation of the new equations is also implemented and several tests cases are analyzed and compared

to analytical solutions.

Nomenclature
C, = group speed of bending wave in plates
D = bending stiffness of the plate
E = Young’s modulus
e = energy density, J/m?
e = energy density at a node in the FEM formulation
F = force amplitude
[F] = vector of f;
h = thickness of the plate
j = V-1
K] = matrix of k;
[P] = vector of p;
q = intensity vector, W/m
g{x, y) = vibrational power input to the plate
w = transverse displacement of the plate
Wy = far-field component of w
Tas = power dissipated in the plate
¢ = Lagrangian interpolation functions
[¥] = matrix of m,
n = loss factor
v = Poisson’s ratio
p = mass per unit area of the plate
1) = circular frequency
In = integral over the domain of the plate
Ir = integral around the boundary of the plate
v = del operator
{x) = time average of the variable x
x = space average of the variable x

Introduction

HE vibration of machines at high frequencies is of sig-
nificant concern to engineers in the field of aircraft in-
terior noise and vibration control. In most applications, the
energy of vibration flows in the structure and is eventually
radiated as unwanted sound in inhabited spaces. In high-speed

aircraft, engine vibration and turbulent flow around the fu- *
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selage and wings excite the structure and cause noise. To
control structure-borne noise, it is desirable to understand the
paths along which energy travels from its source through a
structure to the inhabited space of interest.

The dynamic response of structures is sensitive to the fre-
quency of the excitation and to the position at which the
response is being observed. The sensitive dependence on fre-
quency and position of the response is particularly hard to
quantify at high frequencies due to the fuzzy nature of system
properties and boundary conditions. Thus, at high frequency,
overall system performance and characteristics are best eval-
vated on a space and frequency average basis. A robust and
efficient technique of analyzing the global response of struc-
tures in the mid- to high-frequency range is desirable.

In the past, various methods for the analysis of vibration
have been used to solve problems of structure-borne noise in
aircraft.'-* At low frequencies, the finite element method is
useful and reliable.>* At high frequencies however, the finite
element method becomes too expensive and manpower in-
tensive.” At frequencies where modal density is high, statis-
tical energy analysis (SEA) is a useful tool to determine the
global behavior of built-up structures.® SEA, however, does
not provide information about the variation of the response
within components of a built-up structure nor is it straight-
forward to model local subsystem damping treatments. As
modal density decreases, the confidence band of SEA pre-
dictions may become larger than desirable.

The goal of this investigation is to develop a set of governing
differential equations that predict the energy density and in-
tensity in a space- and time-averaged sense for plates. A par-
allel investigation for the flow of energy in beams and rods
has been conducted by Wohlever.?!® Independent research
in the field of wave propagation in rods has been conducted
by Lase and Jezequel'' and by Nefske and Sung.'? The analysis
proposed here takes into account the local absorption of en-
ergy due to internal damping and also predicts the intensity
field in plates. Simple cases are used to test the energy gov-
erning equations in order to compare the results to those
obtained from Lagrangian plate theory. A finite element for-
mulation of the energy governing equations is developed and
implemented to solve more complex problems.

Derivation of Energy Governing Equations
for the Plate

Although the analysis presented in this paper restricts itself
to plates in applications, the general procedure described in
this section has been shown to apply to rods, beams, and
membranes as well.”'? From continuum mechanics, the en-
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ergy distribution in a structure must obey conservation prin-
ciples, which can be stated in equation form as'*:

de
5: _Vq-— T aiss (1)
For steady-state conditions, the time derivative term in Eq.
(1) is zero and Eq. (1) becomes:

V g = T Ty (2)

Various models of energy dissipation in elastic media are
discussed in the literature. For the analysis presented here,
an approximate hysteresis damping model is used. Cremer
and Heckl show how the power dissipated in the medium is
related to the reversible energy density in the medium in such
a way that™

77-diss = nwe (3 )

Eq. (3) is a good approximation of energy dissipation if the
energy lost within one cycle is small compared to the revers-
ible energy density.

For thermal and fluid systems, it is generally true that en-
ergy flows from locations of high energy density to locations
of low energy density. In equation form, such behavior is
modeled by an energy transmission relationship of the form

g —Ve 4)

When Egs. (2), (3), and the relationship in (4) are combined,
an energy relation can be written as

V2e « nwe (%)

The relationship in Eq. (5) is a second-order expression that
can be formulated numerically and used to model the behavior
of energy in relatively complex systems. It would be desirable
if similar equations could be found to model energy distri-
butions in structures.

Except for rods, structures do not behave according to Eq.
(4) in a strict sense as shown by Wohlever.® The primary task
of this investigation is to find a relationship between energy
density and intensity that can be used with Eqs. (2) and (3)
to develop an energy density governing equation. The deri-
vation of this energy transmission relationship and the sub-
sequent energy density equation depend on certain assump-
tions and restrictive conditions that are documented here. The
derivation of the equations derived here can be found in the
literature!? but will be shown here, for completeness.

The Lagrange equation of motion for a thin, transversely
vibrating plate excited harmonically in time by a point force
at (xo, ¥o) is:

8% .
D.Vw + p=3 = Fo(x = x)d(y =y (6)
where
E
D, = ——*
©T A - P @

where E_ = E(1 + jn). The complex form of Young’s modulus
is often used to introduce damping in elastic media by effec-
tively making propagating plane waves decay exponentially
as a function of distance.

For the analysis presented here, the far-field harmonic so-
lution of the homogeneous form of Eq. (6) is used:

we(x, y, ) = (Ae

+ B,e*)(A,e % + Beiw)ei (8)

where k, and k, are the x and y components of the complex
wave number, respectively. Because the stiffness of the plate
in Eq. (6) is complex, the wave number is also complex. The
usefulness of the far-field solution for the analysis of vibrating
plates at medium- to high-frequencies was shown by No-
iseux.' If k., and k,, are the real parts of k, and k, respec-
tively, then

(i + Ko = @2 ©)

For small damping, k, and k, are well approximated by

k. = kx1<1 - fﬁ) ky = kﬂ(l - ;g) (10)

The energy in plates is transmitted by shear forces (Q, and
0,), bending moments (M, and M,), and twisting moments
(M,, and M,,). These forces and moments are related to the
transverse displacement as

Fw Fw
M, = —D(;z; + v 32y>
& o
M, = -D[Z2 + ,2¥ (11a)
’ Py x
2. 2
x \&x PPy
d (FPw  FPw
= -D—\—5—+—= 1
o b dy <62y BZX) (115)
FPw
M, =D1 - v oy M,=-M, (1l
The expression for the x component of intensity is
w Fw Fw
= — - M. —+ M, —
%= Qg = Mo + Mooy (12)

The expression for the y component of intensity is similar to
Eq. (12).

Expressions for the potential and kinetic energy in the plate
can also be found in the literature.'® The total energy density
e in the plate

p[ (w\  [ow\
e=-il—= + - + 2
2| \ax )y
Pw
a

p [ow :
X y] * 2 <§> 13

is the sum of the potential energy and the kinetic energy.
Only the steps involved in the derivation of an energy trans-
mission relationship will be described here because the al-
gebraic manipulations involved are lengthy. Substitution of
Eq. (8) into Eq. (12) yields an expression for the x component
of intensity in terms of the constants A,, A,, B,, and B,. The
y component of intensity can be obtained in a similar manner.
Substitution of Eq. (8) into Eq. (13) yields an expression for
the energy density in the plate in terms of the constants A,
A,, B,, and B,. These expressions for intensity and energy
density are time averaged. The energy and intensity expres-
sions are simplified by neglecting all terms of order #* and
higher. However, no obvious relationship between energy and
intensity is apparent at this stage. The energy and intensity
equations are further simplified by neglecting all the terms
containing sinusoidal functions of the wavenumber. This sim-

*Pw FPw
p L2
ax? ay?

+2(1 — »)
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plification is the equivalent to conducting a space averaging
of the form:

y kx1 k . 2mikxl  [2mlkyl
@ === (e) dx dy
T 0 0

<_> B kxlk L J’Zn/kxl jZ‘ﬁ/k}d( )dx d
q) = 471_2 0 o q y

The reduced expressions for the energy density and the in-
tensity components are relatively simple functions of A,, A,,
B,, and B,. These expressions are shown in the Appendix. A
brief examination of the equations in the Appendix reveals
that the simplified expressions for energy density and intensity
are related in the following manner:

@)ff = - ;_Z) V<E>ff (14)

It is of particular interest to note that the intensity is a function
of the group speed even on a space averaged basis. Using
Egs. (2) and (3) with the transmission equation. Eq. (14), the
energy equation for the far-field space and time averaged
energy density becomes

;_Z) V@), — nw@)y = 0 (15)

Egq. (15) is a differential equation that models the time and
space averaged far-field energy density in plates. Eqgs. (14)
and (15) have also been shown to be valid for various types
of waveguides, such as rods, beams, and membranes, if the
appropriate group speed is used.'? Due to the choice of var-
iables in this analysis (energy density and intensity), it may
be possible to distinguish between certain boundary condi-
tions. For instance, the gradient of the energy density normal
to the edge of a plate vanishes it the edge is simply supported
or free. This approximation is a trade-off for the simplicity
of the solution of Eq. (14) and (15).

Equation (15) can be solved either analytically or numer-
ically. Energy and intensity boundary conditions must be en-
forced for the solution of Eq. (15). The solution of problems
using Eq. (15) will result in predictions of time- and (locally)
space- averaged far-field energy variables. The shortcomings
of the predictions made by Eq. (15) in the near field are
shown in the next section. Note that Eq. (15) is not a two-
dimensional Helmholtz equation.

Analytical Solutions

In this section the analysis of a simply supported vibrating
square plate excited by pressure distributed over a small area
(see Fig. 1) is performed using a Fourier series expansion
solution technique to find the displacement solution. Energy
density and intensity are found by using Egs. (12) and (13),
respectively. The results are compared to solutions obtained
by solving Eqs. (14) and (15) using Fourier Series techniques.

The plate used for these verification studies is a simply
supported plate 1 m X 1 m X 1 mm in dimension and made
of aluminum. The plate excitation is such that the force is
constant over the frequency band from 20 Hz to 64 Hz. For
this frequency bandwidth excitation location, we can show
that at least eight modes are being excited. The solutions for
all frequencies are summed to give the energy density and
intensity distributions in the frequency band. The energy den-
sity in the plate calculated from classical plate theory is shown
in Fig. 2. The x and y components of intensity from the clas-
sical solution are shown in Fig. 3. The vector representation
of Fig. 3 is shown in Fig. 4.

The same problem was solved using Eqs. (14) and (15) and
a Fourier series technique. The boundary conditions are such

that no intensity flows normal to the edges of the plate at the
supports (see Fig. 5). The input power amplitude, g,,, is cal-
culated from the “exact” solution of the plate vibrating at 42
Hz (the center frequency of the frequency band mentioned
above). The energy density solution of Eq. (15) is shown in
Fig. 6. The x and y components of intensity are shown sep-
arately in Fig. 7. The vector representation of Fig. 7 is shown
in Fig. 8.

The plots of intensity shown in Fig. 4 show some energy
circulation in the plate. The intensity field shown in Fig. 8
shows no evidence of circulation of energy anywhere in the
plate because of the space-averaged nature of the results ob-
tained from Eqs. (14) and (15). However, the intensities pre-
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Fig. 1 Plate with local pressure excitation.
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dicted by the two schemes presented here are generally well Fig. 7 x and y components of the approximate intensity field.
matched.
The energy density predicted by the approximate scheme
of Eqs. (14) and (15) is a good average of the energy density -
calculated from the classical theory. The ‘“‘exact” response ‘ R
shown in Fig. 2 is rough compared to the approximate re- e,
sponse shown in Fig. 6 because the frequency band considered e,
for the simulation shown in Fig. 1 includes relatively few I A T R
modes (44 Hz). When the modal density is higher, the “exact” R R
response becomes smoother and the approximate solution I R B R 2 S R I
matches the exact solution even more closely shown in Figs. L R R A A L I I
2 and 6. The average energy density level in Fig. 2is43.9dB | v t v v t t L 2 7/ 7 s v v v v vo oL
and the average energy density level in Fig. 6 is 44.8 dB. U R A A N
v NN Y Y N s
AN Y S L.
Finite Element Formulation AN Y S S
In this section, a finite element formulation of Eq. (15) is CANNAN N S S A
developed and used to solve several vibrating plate examples. TYTTS N  S T 22 e
There are many advantages to be gained by formulating the TT T s N e e s 2 s e
energy governing equations via the finite element method. TS NN T T T
When Eq. (15) is implemented numerically, the parameters A A N R
¢y/nw and nw are not required to be constants. The damping, B T
Young’s modulus, and the thickness of the plate can be func- S T
tions of position. In addition, the behavior of plates with L N e L
complex geometry can be predicted. I o
The finite element formulation of Eq. (15) is illustrated e e e e e e e
here for the general problem where external energy is input:

cg Fig. 8 Approximate intensity field. The maximum vector is 5 - 10—¢
e Ve — nwe + g(x,y) = 0 (16)  wim.
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where g(x, y) is the input power. From the theory of finite
element analysis,'” the weak form variational statement of
Eq. (16) can be written as

CZ
fv(—gV~Ve— nwe+q> dD
nw
D
2 2
=fv<n-iVe> ar — jivv-vedz)
nw J nw

T
- fnweVdD + qu dD =0 17
D

D

where v is a trial function used in the variational procedure
that leads to the finite element formulation of the problem.
For a Galerkin weighted residual scheme using quadratic ele-
ments, the following approximation is made:

9
e= 2 e (18)
j=1
and

v =, (19)

Substituting Eqs. (18) and (19) into Eq. (17) yields the fol-
lowing equation:

D: — 2 ek; — Z em; + f;,=10 (20)
J 7

The terms in Eq. (20) are defined as

u

2
k, = fi VO, - VO, dD
p ¢

my; = f nod P, dD

D

fi = fq@idD
D

—J'ﬁé—-(b Ve) dI'
pi= | TE e Ve

r

p; 1epresents the flux of energy across the boundary. The
resulting element matrix equation is

[K + ¥2M]e = [P + F] 1)

The terms in Eq. (21) are evaluated using Gaussian quad-
rature numerical integration techniques frequently used in
finite element methods. The global matrix equation is ob-
tained by assembling the individual element matrix equations
in a method described by Zienkiewicz.'

Finite Element Examples

To model the problem shown in Fig. 5 using the finite
element method, the domain of the plate is modeled using
25 rectangular elements. Each element is defined by 9 nodes.
The system model contains a total of 121 degrees of freedom.
The physical properties of the plate are the same as those
used in the analytical solution section.

The energy distribution of the vibrating plate shown in Fig.
5 of the previous section is solved using the finite element
method (FEM). The excitation frequency is 42 Hz. The energy

density solution is shown in Fig. 9. The FEM answers agree
with the results shown in Figs. 2 and 6. The corresponding
intensity field in the plate is shown in Fig. 10. The intensity
fields shown in Figs. 8 are 10 are in good agreement (note
that the plots are shown on the same scale). This example
serves to show that the FEM can be used to accurately solve
Eq. (15).

One last example is shown here to demonstrate the poten-
tial use of the finite element implementation of Eqs. (14) and
(15) as a design tool. Consider the problem shown in Fig. 11.
The power input into the plate is unevenly distributed, as
shown in Fig. 11. The input power distribution is intended to

re 1 nd/m/md

ener gy gi

Fig. 9 FEM solution of the energy density.

A \ et -~ - -
~ — d — - - -
- v & ~ —_ —_ - -
1] \ ~ — I - - -

Fig. 10 FEM solution of the intensity field. The maximum vector is
5-107* W/m.

power input

/

0.6 m

i< 0.82m '—>|

Fig. 11 Plate with a pressure excitation.
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be similar to the type of power distribution encountered in a
prop plane or due to turbulent fluid flow around a fuselage.
The thickness of the plate is 1 mm. The plate is homogeneous
and the loss factor is constant throughout the domain of the
plate. The energy density solution is shown in Fig. 12. Al-
though the energy distribution is fairly uniform, the scale in
Fig. 12 has been expanded to show that the energy level at
the power source is greatest and decays elsewhere in the plate.
The energy density level of the plate obtained by using SEA
is 56.2 dB. This result closely matches with the average of
the energy distribution shown in Fig. 12.

As a second case study, the problem discussed above is
slightly modified in such a way that the plate is now treated
with strips with higher loss factors as shown in Fig. 13. The
stiffness of the plate is still constant. The power input to the
plate is unchanged. The corresponding energy level is shown
in Fig. 14. The variation in energy density is more noticeable
than in the first case. An energy drop can be observed within
the damping treated strips, which is not surprising.

The third case study is shown in Fig. 15. The area of the
plate in which the power is input is now treated with a coating
of higher loss material while group speed properties are left

56 60

energy dB(re 1 nd/m/m)

% (m

Fig. 12 Energy density in the plate shown in Fig. 11.

power input

i< 0.82m _—>1

Fig. 13 Plate with a pressure excitation and damping strips.
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%

Fig. 14 Energy density in the plate shown in Fig. 13.

unchanged. The corresponding energy distribution is shown
in Fig. 16.

All these cases are shown simultaneously in Fig. 17. Note
that in each case of this example, the energy density in the
plate is reduced as the amount of lossy material increases.
Note also, as shown in Figs. 14 and 16, that the gradient of
energy density is greatest where the loss factor is greatest.
The latter phenomenon is due to the fact that more energy
per unit area is dissipated where the loss factor is high, which
creates a high flux of energy into high loss regions.

The intensity fields for each case study of this example are
shown in Fig. 18 from top to bottom for the order discussed
above. In each case, the energy flows away from the power
input area and is dissipated within the plate. Note, in the last
case of Fig. 18, that some of the energy leaves the center of
the region in which the power is input and circulates back to
the outside of the high loss region. The reason for this be-
havior can be explained by the fact that a great amount of
energy can be dissipated in the area of the power input. There-

power input

L
- osm ————

Fig. 15 Plate with a pressure excitation, damping strips, and a damp-
ing pad at the excitation location.

52 00

energy dBC(re | nd/m/md
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energy dB (re 1 nd/m/m>

X Cond

Fig. 17 Comparison of the energy density level for the plates shown
in Figs. 11, 13, and 15.
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Fig. 18 Comparison of the intensity fields for the plates shown in -

Figs. 11, 13, and 15. The maximum vector in any of the cases above
is 0.03 W/m.

fore, energy leaving the center of the plate has a tendency to
come back to the outside region in order to maintain a balance
of energy in the plate. As illustrated in this example, the finite
element predictions can be used to make design evaluations
of the best alternatives for vibration control treatments. The
models also help to illustrate the phenomena that occur in
cases where problems are too difficult to solve analytically.

Conclusions

Equations were derived to model the space- and time-
averaged energy density and intensity in the far field of vi-
brating plates. The limitations and approximations of these
equations have been highlighted. Verifications of Egs. (14)
and (15) were conducted to compare results with classical
solutions. The results shown here are typical of the type of
predicitions that can be expected using the energy equations.
The smoothing effects of space averaging were especially clear
in the energy density plots at low modal density.

Equations (14) and (15) were also formulated numerically
and used to solve several examples. By comparing the solu-
tions with results obtained analytically, the finite element im-
plementations were shown to yield accurate solutions of the
energy equations. The finite element method was also used
to demonstrate the use of the FEM for design studies. A basic
problem with some simple design parameters was used to
illustrate the utility of the method. Although the predictions
made by the numerical implementation of Eqs. (14) and (15)
do not show much spatial variation in the energy density
throughout the domain of the plate, the numerical imple-
mentation of the energy governing equations allows for some
uneven distribution of the damping in the plate. The latter
feature is an improvement over SEA.

The work presented in this paper is relevant to the type of
problem encountered in the aerospace industry where high-
frequency broadband excitations are present. Knowing the
energy density and intensity fields in plates provides much
insight into how energy propagates in lossy media and the
strategies that can be used to control unwanted sound and
vibrations.

Appendix: Expressions for Intensity and Energy

The equations below are space- and time-averaged expres-
sions for the energy density and the intensity components in
the plate. For simplicity, the following variable substitutions
are used:

e~ = e~ (W2kaxg—(n/2)kyly et~ = et (M2kaxp—(n2)ky1y
e~ 1t = e~ W2kelxpg+(2)kyly et = e+WDkaxg+mkyy
The energy density is

e= §[|kg|z T lieP + 2ukE()

>, P
+2(1 - k. + @ 5]
X(APlAPe— + ]A1|2|Bz|ze¥ N
+ |B1|2|A2|ze*‘ + |Bl|2|leze++)

the x component of the intensity is
q. =D g (k2 + khk2 + K2k + kK2 + (1 — vk k)]

X(|AP|Ae~ + |A2Byfe=* — B4 e -
— |BB,Pe* )

and the y component of the intensity is
g, = D%[kﬁ + k2 + Ik + k2 + (1 — vk k)

X(|APlAsPe— = |APB,)Pe+ + |B.[A,Pe -
— |B\[B,fPe* )
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